Abstract. In the present paper, we investigate the convergence and the approximation order of some Durrmeyer type operators in exponential weighted space. Furthermore, we obtain the Voronovskaya type theorem for these operators.
Introduction
O. Agratini considered in [1] the operator L n pf qpxq " 2´n
where paq 0 " 1, paq k " apa`1q¨¨¨pa`k´1q, k P N " t1, 2, . . .u, a P R.
Author established an asymptotic formula and some quantitative estimates for the rate of convergence of the operator L n .
In the present paper, we introduce two operators of Durrmeyer type related to the operator L n ( [2] ). We define the operator M α,t by M α,t pf ; xq " M α pf ; t, xq " e´uu α`k Γpα`k`1q ,
Auxiliary results
In this section, we give some lemmas and properties which will be useful later in proofs of the main results.
We will consider the set E p , p ≥ 0, of functions f defined and continuous in r0,`8q such that |f pxq| ≤ C f e px for x P r0,`8q, where C f is a constant depending on f . In E p we consider the norm:
Note that if p ≤ q then E p Ă E q and }f } Eq ≤ }f } Ep .
We introduce the weighted modulus of continuity of function f P E p . The first order modulus of continuity ω 1 pf, p, δq:
x |f px`uq´f px`vq| and the second order modulus of continuity (modulus of smoothness) ω 2 pf, p, δq:
When p " 0, we write ω 1 pf, δq, ω 2 pf, δq. The following properties hold:
Using properties of the gamma function, we obtain (4)
where k, r P N, α ≥ 0 and 0 ă t ă 1 p for p ą 0, and 0 ă t ă 8 for p " 0. We have
Using this and pzq k`1 " zpz`1q k , k P N 0 , we can write
Let e r ptq " t r , r P N 0 . From (4), (5), (6), we have the following lemmas.
Lemma 2.1. For t ą 0, x ≥ 0 and α ≥ 0, it holds
Lemma 2.2. For t ą 0, x ≥ 0 and α ≥ 0, we have
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If we define the function φ x,r (r P N 0 , x ≥ 0) by φ x,r ptq " pt´xq r then, by Lemma 2.1 and Lemma 2.2, one can get the following results, immediately.
Lemma 2.4. For t ą 0, x ≥ 0 and α ≥ 0, we have S α pφ x,0 ; t, xq " 1, S α pφ x,1 ; t, xq " tα´1´2´x t¯, S α pφ x,2 ; t, xq "´3`2α2´x t¯x t`t 2 αpα`1q´1´2´x t¯,
Observe that operators M α , S α preserve the constant functions. If α " 0 then the operator S α preserves the linear functions.
In the sequel, the following functions will be meaningful:
f r ptq " e r ptqe pt " t r e pt , ψ x,r ptq " φ x,r ptqe pt " pt´xq r e pt , r P N 0 , p, x ≥ 0. Now, we find operators M α , S α for the function f r and ψ x,r for r " 0, 1, 2 and p ą 0. In the case p " 0, it is clear that f r " e r , ψ x,r " φ x,r . At this point, we assume 0 ă t ă (4), we obtain M α pf r ; t, xq " t r 2´x t p1´tpq α`r`1
From this and (6), we have the following lemmas, which we shall apply to the proofs of the main theorems. Lemma 2.7. If 0 ă p ă q then for
holds.
Proof. Let I "´0, . According to the properties of f , in view of (8), we conclude that f is decreasing in I Y t0u. Therefore, f ptq ă f p0q for t P I. From this, it follows that
for x ≥ 0 and t P I, which completes the proof of Lemma 2.7.
Similarly, we can prove the following lemma.
Lemma 2.8. If p ą 0 and α ≥ 0 then for 0 ă t ă 1 2p , the inequality
Approximation theorems
In this section, we state the Voronovskaya type theorem. Then we compute the rate of convergence of the operators M α , S α . To achieve this, we use the first and the second order modulus of continuity.
At the beginning of this section, we give some properties of the operator norm of M α and S α , α ≥ 0.
Theorem 3.9. Let 0 ă p ă q. For t P I, the operator M α,t maps E p into E q and
In the case p " 0, the operator M α,t maps E 0 into itself and
Proof. Let 0 ă p ă q. We have
, we obtain (9), by Lemma 2.7. Using M α pe 0 ; t, xq " 1 (Lemma 2.1), we check at once that (10) holds.
In the similar fashion, we prove the following inequalities.
Theorem 3.10. If 0 ă p ă q then for t P I, the operator S α,t maps E p into E q and (11) ||S α,t pf q|| Eq ≤ 2 α }f } Ep .
In the case p " 0, the operator S α,t maps E 0 into itself and
Proof. Let 0 ă p ă q. By Lemma 2.6, we can write |S α,t pf ; xq| " |S α pf ; t, xq| ≤ S α p|f |; t, xq ≤ }f } Ep S α pf 0 ; t, xq
Analogously to the proof of Theorem 3.9, we have
since 2´x t p1´2 α q ≤ 0. This gives the result.
Next, we are interested in some approximation theorems.
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tÑ0`S α pf ; t, xq " f pxq and the convergence is uniform on every compact subset of r0,`8q.
Proof. Let ε ą 0 and let x ≥ 0. Since f is continuous at the point x, there exists δ ą 0 such that |f psq´f pxq| ă ε for |s´x| ă δ.
Let p ą 0. If |s´x| ≥ δ then |f psq´f pxq| ≤ }f } Ep pe ps`epx q ≤ }f } Ep pe ps`epx q ps´xq 2 δ 2 . Therefore |f psq´f pxq| ≤ ε`}f } Ep pe ps`epx q ps´xq 2 δ 2 , for an arbitrary s P r0,`8q and δ ą 0. From this, it follows (13) |M α pf ; t, xq´f pxq| ≤ M α p|f´f pxq|; t, xq ≤ εM α pe 0 ; t, xq }f } Ep δ 2 pM α pψ x,2 ; t, xq`e px M α pφ x,2 ; t, xqq .
By Lemma 2.3, we have
M α pφ x,2 ; t, xq " tp3x`tpα`1qpα`2qq, thus lim tÑ0`Mα pφ x,2 ; t, xq " 0. Using Lemma 2.5, we get lim tÑ0`M α pψ x,2 ; t, xq " 0.
Hence, in view of (13), we obtain (14) lim tÑ0`M α pf ; t, xq " f pxq.
Let 0 ≤ a ă b. If x P ra, bs and 0 ă t ă 1 2p then 3x`tpα`1qpα`2q is bounded. Similarly, A p1´tpq α`3 p1´2tpq 2 " x 2 tp 2 p2tp´1q 2`x p3`8tp´pα`1q`6 tp`16t 2 p 2´8 t 3 p 3˘˘`t pα`1qpα`2qp1´2tpq 2 ‰ is bounded for x P ra, bs and t P I. By Lemma 2.3, Lemma 2.5 and (13), we can deduce that (14) holds uniformly on ra, bs.
In the case p " 0 and for the operator S α , the proof follows similarly.
The next step is to establish the Voronovskaya type theorem.
